Abstract. We investigate theoretically the wetting properties of cholesteric liquid crystals at a planar substrate. If the properties of substrate and of the interface are such that the cholesteric layers are not distorted the wetting properties are similar to those of a nematic liquid crystal. If, on the other hand, the anchoring conditions force the distortion of the liquid crystal layers the wetting properties are altered, the free cholesteric-isotropic interface is non-planar and there is a layer of topological defects close to the substrate. These deformations can either promote or hinder the wetting of the substrate by a cholesteric, depending on the properties of the cholesteric liquid crystal.
Introduction
The understanding of surface and interfacial properties of fluids dates back to the early 19th century work of Young [1] but continues to play a prominent role in modern science. When the fluid is a liquid crystal the phenomenology of interfacial phenomena and wetting is very rich and the unique features of liquid crystals, such as elasticity and the presence of topological defects, are promising routes to new microfluidic devices, where interfacial properties play a critical role [2] .
Alongside the technological applications the understanding of the wetting properties of liquid crystals [3] are also a key fundamental problem. The study of the wetting behavior of the simplest of liquid crystals, nematics, at planar substrates has a long history (for a review see [4] ). It is known for a long time that the wetting properties of nematic liquid crystals have similarities with those of simple fluids, as long as the surfaces do not impose elastic distortions on the liquid crystal [5, 6, 7, 8, 9, 10, 11, 12] . If elastic distortions are present the wetting properties are dominated by elasticity and are thus very different but well understood [13] .
The unique features of liquid crystals are more prominent when the substrate is chemically or geometrically patterned. In this case the presence of topological defects has a profound influence on the wetting properties [14, 15, 16, 17, 18, 19, 20, 21] , such as re-entrant wetting, the suppression of wetting or filling, etc.
In contrast to nematics, very little is known about the theory of wetting by cholesterics, and even experimental results have been published only recently [22] . Cholesteric liquid crystals, also known as chiral nematics, are nematic liquid crystals in which the preferred alignment direction describes a helix with a given pitch along an axis. In many ways cholesteric liquid crystals behave as layered materials [3] . The absence of theoretical studies of wetting of cholesterics is not a surprise since even the cholestericisotropic interface was understood only recently [23] . It was well known for some time that the cholesteric-isotropic interface might not be planar, exhibiting instead a series of parallel ridges and valleys [24, 25, 26, 27, 22, 28, 29] . This rough interface rules out the possibility of using onedimensional calculations that are usual in theoretical studies of wetting and makes wetting of a cholesteric at a planar substrate resemble somewhat wetting of a nematic at a patterned substrate, requiring a more sophisticated numerical analysis. Our recent systematic study of the free cholesteric-isotropic interface confirmed the non-planar configuration of the interface and revealed a non-trivial dependence of the surface tension on the pitch and the elastic properties of the liquid crystal [23] . The goal of this manuscript is to contribute to fill this gap in our knowledge of the fundamental wetting properties of cholesteric liquid crystals.
In the next section we will detail our model and the numerical methods. In section 3 we present our results, starting with a brief review of wetting phenomena, of the properties of the cholesteric isotropic interface, and some analytical results. The remainder of section 3 describe how the wetting properties of the cholesteric depend on the pitch and on the elastic properties of the liquid crystal. Finally in the last section we summarise our main findings and hint at some open questions.
Model
Our analysis follows a well established route, using the Landau-de Gennes free energy for a cholesteric liquid crystal (LC) [3, 18] , which is built from the usual expansion in the lowest order terms of the symmetric, traceless, tensor order parameter Q ij , split into elastic f e , bulk f b , and surface terms f s ,
2 , and f s = − 2 3 ωQ ij Q s ji where summation over repeated indices is assumed. Our version uses dimensionless quantities and thus the bulk free-energy depends only on three parameters, q 0 , τ , and k. q 0 ≡ 2π/P is the inverse of the cholesteric pitch P . In this model the nematic phase is described by the limit of infinite pitch P → ∞ or, equivalently, the limit q 0 → 0. τ is a reduced temperature whose value determines the equilibrium bulk phase. While for a nematic τ = 1 is the coexistence temperature between the nematic and the isotropic phases, for a cholesteric the coexistence temperature depends both on k and the pitch: τ c = 1 − 3q 2 0 /(6 + 4k). The order in the LC phase is described by a scalar order parameter S with values S = 0 in the isotropic phase and S = S b in the LC phase. At the coexistence temperature, S b ≈ 1. All lengths are measured in units of the correlation length ξ, which is the scale of the typical size of the topological defects and of the width of the LC-isotropic interface (typically a few correlation lengths). As a reference, for the nematic LC 5CB the correlation length at room temperature is around 15 nm so P = 1000ξ is equivalent to
where L 1 and L 2 are the usual elastic constants of the Landau-de Gennes theory. The usual elastic constants of the FrankOseen theory K 1 (splay), K 2 (twist), and
Notice that this simplest version of the Landau-de Gennes theory only has two elastic constants and K 1 = K 3 . Also notice that k = 0 is equivalent to L 2 = 0, and
The surface term favours a configuration of the tensor order parameter of Q s ji near the surface, with ω being known as the anchoring strength. A value of ω near zero models a substrate with weak anchoring and the opposite limit of large values of ω models a substrate with strong anchoring, imposing a fixed orientation.
For the numerical results we assume translational invariance along the z direction and thus calculate the configuration on the xy plane. The Landau-de Gennes free energy is minimized using a Finite Element Method with adaptive meshing to resolve the different length scales [30] .The obtained numerical precision in free energy was lower than 1%.
Results

Review of wetting phenomena
When a liquid and its vapor are in contact with a solid surface it forms a drop with a defined contact angle θ, whose value is given by Young's law, relating the value of the contact angle with the values of the surface tensions of the three interfaces that meet at the contact line: solidvapor σ sv , solid-liquid σ sl , and liquid-vapor σ
From Young's equation we can see that the contact angle goes to zero when:
This condition, known as Antonow's rule, is the macroscopic equivalent of the microscopic condition that a film of adsorbed liquid has an infinite thickness and it defines a wetting transition, a surface phase transition that separates regimes of disparate interfacial properties. The approach to the wetting transition is controlled by three thermodynamic parameters: temperature, pressure and a surface field that encapsulates the influence of inter-molecular forces and surface chemistry. From a theoretical point of view the study of wetting phenomena is most transparent by holding the pressure and temperature fixed and changing the surface field. For a liquid crystal there are further thermodynamic variables but wetting is easier to understand by setting the temperature to the coexistence temperature between the liquid crystal and the isotropic phases and changing the surface properties. Note that pressure does not play a role in the Landau-de Gennes model. The surface properties can be further split into anchoring (alignment of the director at the surface) and a surface field that controls the strength of the surface interactions ω, the anchoring strength. We have already introduce this parameter before when we defined the theoretical model.
Specializing the above framework to cholesteric liquid crystals, Antonow's rule for wetting of a substrate by a cholesteric liquid crystal is
where σ si , σ sc , and σ are the surface tensions of the substrateisotropic, substrate-cholesteric, and isotropic-cholesteric interfaces . The transition anchoring constant ω c is the value of ω that satisfies this condition and defines the thermodynamic location of the wetting transition.
Review of the cholesteric-isotropic interface
A key ingredient of wetting is the free cholesteric-isotropic interface. We described the structure and interfacial properties of the free cholesteric-isotropic interface recently [23] but we review the main results here for completeness. Let us start with a nematic-isotropic interface. Using a simple ansatz [31, 16] it can be seen that the anchoring at the interface depends on the value of k: when k > 0 the director aligns parallel to the interface (planar anchoring), whereas if k < 0 the liquid crystal aligns perpendicular to the interface (homeotropic anchoring). For a cholesteric, planar anchoring is favoured if k > k c (P ) where k c depends on the value of the pitch and k c → 0 as the pitch goes to infinity, the nematic limit [23] . In this case the surface tension of the cholesteric-isotropic interface is the same as the nematic-isotropic interface. If k < k c (P ) the liquid crystal tries to have homeotropic anchoring but this is not compatible with the layered structure of the cholesteric. To accommodate these incompatible configurations the cholesteric layers distort near the interface, forming topological defects, and the interface bends. The surface tension varies with the pitch, having a maximum and then decreasing slowly to the value of the surface tension of the nematic as the pitch increases, see Fig. 1 . The deformations of the interface grow linearly with |k| for k < k c (P ) and grow sub-linearly with √ P .
Planar anchoring at the cholesteric-isotropic interface
The simplest wetting scenario with a cholesteric liquid crystal is when k > k c and thus the anchoring at the interface is planar. If the anchoring at the substrate is also planar the layered structure of the cholesteric can be accommodated in a wetting layer without distortions.
Since there are no distortions the problem of calculating the equilibrium configuration and the corresponding surface tension is effectively one-dimensional and we can calculate the wetting anchoring constant using the same Surface tension of the cholesteric-isotropic interface with k, for pitch=20ξ (blue diamonds) and pitch=1000ξ (red dots). The surface tension of the nematic-isotropic interface for parallel (stricht black line) and homeotropic (dashed black line) anchoring is also plotted for reference.
ansatz used for nematics. As we already know the surface tension is the same as for nematics and independent of the value of the pitch. This is consistent with the view that at length scales smaller than P the cholesteric is similar to a nematic. The substrate-cholesteric and substrate-vapor surface tensions can be calculated with the same ansatz and using Antonow's rule we obtain the same value for ω c as for the nematic:
We checked these results numerically and they are consistent with the theoretical prediction, within 4%. We note that the theoretical calculations assume that the configuration of the cholesteric is not changed when S varies close to the interface and biaxiality is ignored. These assumptions might be responsible for the discrepancy between the theoretical and the numerical results. As an example if we allow for biaxiality we obtain for the coexistence temperature between isotropic and cholesteric τ c = 1 − 3q
. This is not significantly different from the value neglecting biaxiality τ c = 1 − 3q 2 0 / (6 + 4k) except for very small values of the pitch.
As a summary, in the "non-distorted" case, the cholesteric and the nematic have the same wetting properties. The only important distinction is that the nematic favours planar anchoring for k > 0, whereas for the cholesteric this happens for k > k c (P ), where k c (P ) depends on the pitch and is positive. 
Homeotropic anchoring at the cholesteric-isotropic interface: dependence on the pitch
Unlike the case k > k c (P ) described above, for systems with k < k c (P ) things are more interesting. The cholesteric layers prefer to align perpendicular to the interface and the planar anchoring at the substrate may force the nucleation of a further layer of topological defects close to the substrate, so that all topological constraints are satisfied. A typical configuration is seen in Fig. 3 .
In Fig. 4 , we plot the value of the critical anchoring ω c as a function of P for a negative value of k = −0.5. For comparison, we also plot ω c for the nematic. As expected, the overall behavior of ω c follows the surface tension for k < 0 shown in Fig. 2 . For small P ≤ 200ξ ω c decreases as P → 0. The underlying cause of this behavior is the same as for the surface tension: the formation of double-twist regions (λ defects) close to the cholesteric-isotropic interface with lower free energy density than the bulk cholesteric phase, favouring wetting of the substrate by the cholesteric phase. On the opposite limit, for large values of P , ω c approaches slowly the asymptotic value (the critical anchoring for a nematic). The difference between the values of the critical anchoring of the cholesteric and of the nematic is due to the undulations of the isotropic-cholesteric interface, the distortions of the cholesteric layers and the formation of topological defects near the substrate. This layer of topological defects has a strong influence on the wetting behavior which is not obvious from the previous result. In the next section we will see how ω c depends on k, which highlights the role of the topological defects. Critical anchoring ωc as a function of the pitch P , for k = −0.5. As a reference the value for a nematic is presented. 
Homeotropic anchoring at the cholesteric-isotropic interface: dependence on k
In this section we explore the role of k on the behavior of ω c taking into account the value of the pitch. In Fig. 5 and Fig. 6 we plot ω c with k for cholesteric layers aligned parallel and perpendicular to the interface for P = 200ξ and P = 400ξ, respectively. In both Fig. 5 and Fig. 6 , the curves of ω c for the cholesteric cross at a negative value of k (k c ≈ −0.3 for P = 200ξ and k c ≈ −0.4 for P = 400ξ), whereas the curves for the nematic cross at k = 0, i.e. the presence of the substrate causes a change of the value of k c (P ) at which the preferred anchoring changes from planar to homeotropic. This change is due to the presence of the layer of topological defects close to the substrate, which penalizes homeotropic anchoring. As the value of the pitch increases the value of the free-energy per pitch of the layer of topological defects decreases to zero and k c (P ) → 0, the nematic limit. Note that k c (P ) for the free isotropiccholesteric interface is also different from zero [23] due to the double-twist regions close to the interface.
In the results described above we have considered that the wetting configuration had a layer of topological defects close to the substrate. This is what happens in the limit of strong anchoring but for smaller values of the anchoring there is a second possible configuration of the cholesteric without topological defects close to the substrate. In other words, there are two possible wet states. It may happen that for different parameters the formation of topological defects followed by a wetting transition is reversed. If this happens the wet state will form initially without topological defects and only for larger values of the anchoring will the topological defects be present. In order to see if the wet state at the wetting transition contains the disclination lines close to the substrate, we calculated numerically the value of the anchoring strength at the substrate for which the free energies of the systems with and without the additional defects are equal ω * (see Fig. 7 ). We started with a system filled with a cholesteric in contact with a substrate that imposes parallel anchoring (at the bottom of the system). The cholesteric layers were set to be aligned perpendicularly to the substrate by imposing fixed anchoring at the top of the system. We increased the value of ω at the substrate until the disclination lines formed. The free energy of the configurations without defects for the different values of ω are plotted as the red curve in Fig. 7 . After the formation of the defects, we decreased the value of ω, obtaining the blue curve in Fig. 7 . The crossing point of the red and blue curves is the value of ω * . Comparing ω * with ω c we see that ω * < ω c , i.e., the formation of the disclination lines occurs before the wetting transition. Hence, the wet state at the wetting transition contains the additional disclination lines. This is the most common scenario but it is possible that the reverse happens for very small values of the pitch or very negative values of k.
Conclusions and discussion
In this manuscript we studied wetting with a fixed orientation imposed at the substrate: planar and along the x axis. We have also explored what happens for other values of the orientation at the substrate, when the preferred orientation is still planar but along the z axis or at an intermediate direction between the x and z axis. We found that, for most values of the parameters, the state with the lowest energy is the one with alignment along the x axis, even though for small values of the pitch or k alignment along the z axis may be favoured.
It is also possible that a substrate imposes degenerate planar anchoring, where the director is in the plane of the substrate but no direction in the plane is favoured, homeotropic anchoring, or oblique anchoring. Our goal in this manuscript is to describe the basic wetting phenomena of cholesterics rather than an exhaustive description. With the large number of parameters an exhaustive mapping of cholesteric wetting is a task for further work.
As a summary, we have described the main characteristics of wetting of a substrate by a cholesteric. The number of parameters makes an exhaustive exploration of the parameter space a gigantic task but we were able to extract the main features. Unlike a nematic liquid crystal wetting of a cholesteric at a planar substrate presents a rich phase diagram. The wetting characteristics follow broadly the same pattern, being dominated by the behaviour of the surface tension of the cholesteric-isotropic interface and can be divided into two regimes, for small and large values of the pitch. The topological constraints may force the nucleation of a surface layer of topological defects that we predict is nearly always present in the wet state.
It will be interesting to explore wetting phenomena of cholesterics at patterned substrates. Wetting at patterned substrates has been something of a hot topic in surface science ( [18] and references therein) but cholesterics introduce a new feature in the phenomena. Since cholesterics have an intrinsic mesoscopic length scale, the pitch, we expect a rich interplay between the wavelength of the patterns at the substrate and the pitch of the cholesteric. It is not hard to anticipate that the ratio of these length scales will lead to phenomena such as frustration, elastic strains and a kind of "resonance", in a loose sense, when the length scales are commensurate and the layers can fit perfectly into the substrate patterns. Since the cholesteric pitch can be easily controlled with temperature or doping this might present interesting ways of controlling the optical properties or as a medium for colloidal templating [32] .
